Abstract. A Lie algebra g is called two step nilpotent if g is not abelian and [g, g] lies in the center of g. Two step nilpotent Lie algebras are useful in the study of some geometric problems, such as commutative Riemannian manifolds, weakly symmetric Riemannian manifolds, homogeneous Einstein manifolds, etc. Moreover, the classification of two-step nilpotent Lie algebras has been an important problem in Lie theory. In this paper, we study two step nilpotent indecomposable Lie algebras of dimension 8 over the field of complex numbers. Based on the study of minimal systems of generators, we choose an appropriate basis and give a complete classification of two step nilpotent Lie algebras of dimension 8.
Introduction
The classification problem is one of the major problems in the theory of finite dimensional Lie algebras over an algebraically closed field of characteristic zero. Levis theorem and the classification of semisimple Lie algebras reduce this problem to the classification of solvable Lie algebras. The study of solvable Lie algebras can generally be reduced to the study of nilpotent Lie algebras. The first important research on the classification of nilpotent Lie algebras is due to Umlauf [15] in later 19th century. In his thesis, he presented the first nontrivial classification. Since then, several attempts have been made to develop some machinery whereby the classification problem could be reformulated. Seeley [14] and Gong [7] gave the classification of nilpotent Lie algebras of dimension 7 over C and R. In dimension 8, Supported by NSFC (no. 11271198, 11221091) [10] . For the 2-step case, the problem can be reduced to the classification of 2-step nilpotent Lie algebras by considering 2, 3 and 4-dimensional center (see Section 3 for an interpretation). In 2011, Ren and Zhu [11] obtained a complete classification of 2-step nilpotent Lie algebras of dimension 8 with 2-dimensional center.
The purpose of this article is to give a complete classification of 2-step nilpotent Lie algebras of dimension 8 over the field of complex numbers. Namely, we will present the classification of 2-step nilpotent Lie algebras whose center is of dimension 3 or 4. As can be expected, the computation involved here is much more complicated.
The arrangement of this paper is as follows. In Section 2, we recall some definitions and fundamental results on nilpotent Lie algebras. In Section 3 we present the lists of two-step nilpotent Lie algebras of dimension 8 with 3 and 4 dimensional centers, respectively. In Section 4, we prove that each 8-dimensional two-step nilpotent Lie algebra with 3 or 4-dimensional center must be isomorphic to one of the Lie algebras in our lists in Section 3.
Preliminaries
In this section, we recall some elementary facts about nilpotent Lie algebras. All Lie algebras in this section are over an algebraic closed field of characteristic zero.
Lemma 2.1 ([13]). If N is a nilpotent Lie algebra, then the following two assertions are equivalent:
(1) The set {x 1 , x 2 , . . . , x n } is a minimal system of generators.
(2) The set {x 1 + N 2 , x 2 + N 2 , . . . , x n + N 2 } is a basis for the vector space N/N 2 .
If H is a maximal torus of N (i.e., a maximal abelian subalgebra of Der N consisting of semisimple linear transformations), then N can be decomposed into a direct sum of root spaces with respect to H:
The scalar mult (α) := dim N α is called the multiplicity of the root α. We also denote
If the maximal torus of N is trivial, then N is characteristically nilpotent. By the results of R. Carles in [3] , one easily deduces that the nilindex of N is greater than or equal to 3. Since the nilindex of a 2-step nilpotent Lie algebra is 2, the maximal torus of a 2-step nilpotent Lie algebra cannot be reduced to zero. In the following we fix a nonzero maximal torus of a 2-step nilpotent Lie algebra N .
